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Abstract
Menger conjectured that subsets of R with the Menger property must
be σ-compact. While this is false when there is no restriction on the
subsets of R, for projective subsets it is known to follow from the
Axiom of Projective Determinacy, which has considerable large car-
dinal consistency strength. We show that the perfect set version of
the Open Graph Axiom for projective sets of reals, with consistency
strength only an inaccessible cardinal, also implies Menger’s conjec-
ture restricted to this family of subsets of R.
1. Introduction
In 1924, Menger [17] introduced a topological property for metric spaces
which he referred to as “property E”. Hurewicz [9] reformulated the prop-
erty E as the following, nowadays called the Menger property:
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Definition 1.1. A space X is Menger if whenever {Un}n∈N is a sequence of
open covers, there exist finite Vn ⊆ Un, n ∈ N, such that
⋃
n∈N Vn is a cover
of X.
There has recently been interest in the question of whether “definable”
Menger spaces — and, more specifically, Menger sets of reals — are σ-
compact. See e.g., [20, 21, 26]. Hurewicz [8] refuted Menger’s conjecture
[17] under CH. Just et al [12] refuted the Hurewicz conjecture (and hence
the Menger conjecture) in ZFC. Also, a ZFC counterexample was produced
by Chaber and Pol [5] in an unpublished note. More natural examples were
produced by Bartoszyński and Shelah [3], and later Tsaban and Zdomskyy
[28]. Hurewicz [8] proved that analytic Menger subsets of R are σ-compact;
this was later extended to arbitrary Menger analytic spaces by Arhangel’ski˘ı
[1]. Hurewicz [8] also proved this for completely metrizable spaces; this was
extended to Čech-complete spaces in [21]. That determinacy hypotheses suf-
fice was first noticed in [18] and stated explicitly in [19]. See also [22] and [4].
In this article, we will investigate the influence of an appropriate version
of the Open Graph Axiom on Menger’s conjecture. To introduce this axiom,
let X be a separable metrizable space. We denote the family of all unordered
pairs of its elements by [X]2 = {(x, y) : x, y ∈ X and x 6= y}. A graph
on X is a structure of the form G = (X,E) where X is a set of vertices,
and E ⊆ [X]2 is a symmetric edge set. In other words, E is a symmetric
and irreflexive binary relation on X and the pairs in E are called edges of
G. If E is open in the product space X ×X, then G = (X,E) is called an
open graph. An open graph of the form G = (X,E) is countably chro-
matic if there is a decomposition X =
⋃
n∈NXn such that [Xn]
2 ∩ E = ∅
for all n ∈ N. Recall that a complete subgraph of X is a subset Y of
X such that [Y ]2 ⊆ E. Note that countably chromatic graphs do not have
uncountable complete subgraphs. So the following dichotomy is one of the
natural statements that happen to be consistent with ZFC (see [23] and [25]).
The Open Graph Axiom (OGA). If G = (X,E) is an open graph
on a separable metric space X, then G is either countably chromatic or it
includes an uncountable complete subgraph.
Connections between OGA and Menger’s conjecture are implicit in [24].
We shall explore those further here.
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Sometimes one views dichotomies of the form OGA as Ramsey-theoretic
statements or coloring axioms. Recall that a version of an open coloring
axiom for sets of reals of cardinality ℵ1 was introduced by Avraham, Rubin,
and Shelah [2]. Another version of an open coloring axiom for arbitrary sets
of reals was introduced by the second author [23]. We will use OGA for the
later version as it is clearly equivalent to OGA stated above.
2. OGA∗(Γ) and the Hurewicz Dichotomy
A classical phenomenon, the Hurewicz Dichotomy, was first investigated by
Hurewicz [10] and later extended by Kechris, Louveau and Woodin [16]. See
e. g. Section 21.F of [15]. Here is one version of the Hurewicz Dichotomy.
Hurewicz Dichotomy (HD). Let A ⊆ R be analytic. If A is not σ-
compact, then there is a Cantor set K ⊆ R such that K∩A is dense in A and
homeomorphic to P, the space of irrationals, and K \ A is countable dense
in K and homeomorphic to Q, the space of rationals.
Definition 2.1. Let Γ be a subset of the power set of R. HD(Γ) is the
assertion obtained from HD by replacing “analytic” by “ a member of Γ” .
Theorem 2.2 [10]. If Γ is a collection of subsets of R satisfying HD(Γ) as
above then every Menger member of Γ is σ-compact.
Proof. Let A be a Menger member of Γ. Suppose A is not σ-compact. By
HD(Γ), there is a Cantor set K such that K ⊆ R and K \ A is countable
dense in K. Then K ∩ A is homeomorphic to P [15, p. 160]. But K ∩ A is
a closed subset of A and P is not Menger [9]; since that property is closed-
hereditary, A cannot be Menger.
Now we recall some basic notation and constructions: A partially ordered
set (T,≺) is called a tree if for each x ∈ T , the set {y : y ≺ x} is well-
ordered by ≺. A branch in T is a maximal linearly ordered subset of T .
The body of T, written as [T ], is the set of all infinite branches of T . A
tree T is called pruned if every s ∈ T has a proper extension s ≺ t, t ∈ T .
[N]<N denotes the collection of all finite subsets of N, and it can be considered
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as a tree under end-extension. See Section 2.C in [15] for more details.
Define [N]<N ⊗ [N]<N = {(s, t) ∈ [N]<N × [N]<N : |s|=|t|}. Then [N]<N ⊗
[N]<N is also a tree with the product ordering ⊑, defined by (s, t) ⊑ (s′, t′) if
and only if s ⊆ s′ and t ⊆ t′.
For a, b ∈ P(N), a ⊆∗ b ( a is almost included in b) if a \ b ∈ [N]<N.
Definition 2.3.
1. For a, b ∈ P(N), a ⊥ b (a and b are orthogonal) if and only if
a ∩ b ∈ [N]<N.
2. Let A and B be families of subsets of N. A ⊥ B if and only if
(∀a ∈ A)(∀b ∈ B) a ⊥ b.
3. For a family A of subsets of N, A⊥ = {b ∈ P(N) : (∀a ∈ A) a ⊥ b}.
4. For A ⊥ B, A is countably generated in B⊥ if there is a sequence {cn} of
elements of B⊥ such that every element of A is almost included in one of the
cn’s.
Feng [7] discussed the following natural perfect set variation of OGA
restricted to a given collection of subsets of R.
Definition 2.4. OGA∗(Γ) : Let Γ ⊆ P(R). Then for each open graph of
the form G = (X,E) where the vertex set X belongs to Γ, either G is count-
ably chromatic or it includes a perfect complete subgraph, i.e., a perfect set
P ⊆ X so that the induced subgraph is complete.
Theorem 2.5. Assume OGA∗(Γ) and that Γ is closed under continuous
pre-images. Then HD(Γ) holds and hence Menger Γ sets are σ-compact.
Proof. Our argument is similar to the proof of Theorem 3 in [24]. Let A ∈ Γ.
Without loss of generality, let A ⊆ (0, 1). Suppose A is not σ-compact. Let
bA be the closure of A in [0, 1]. Define B = bA\A. bA is a continuous image
of the Cantor space E = {0, 1}N [15, p. 23]. Let pi : E → bA be a continuous
surjection, and set A∗ = pi−1(A), B∗ = pi−1(B). Then A∗∩B∗ = ∅. Moreover,
A∗ cannot be σ-compact, since A is not σ-compact. Therefore, if we could
prove the result for A∗ ∈ Γ and A∗ ⊆ E, then we would have a Cantor set
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E ′ ⊆ E with E ′ ⊆ A∗ ∪ B∗, E ′ ∩ B∗ countable dense in E ′, E ′ ∩ A∗ also
dense in E ′. Since pi is a surjection, pi(E ′)∩B and pi(E ′)∩A would be dense
in pi(E ′). Clearly K = pi(E ′) is compact. K has no isolated points, since it
has two disjoint dense subsets. By the Baire Category Theorem, K must be
uncountable. Since it is perfect, by a standard argument it includes a Cantor
set C such that C ⊆ A∪B and C∩B is countable and dense in C [15, p. 162].
To see this, one can construct a Cantor scheme {Cs}s∈2<N by using open
sets Cs in K with xs ∈ Cs ∩ B such that diam(Cs) < 2−length(s), Cs⌢i ⊆ Cs,
and xs⌢0 = xs for all s ∈ {0, 1}<N, i ∈ {0, 1}. Then such a Cantor scheme
determines a Cantor set C =
⋃
x∈E
⋂
n∈N
Cx|n in K such that C ∩B is countable
dense in C [15, p. 162].
To see C∩B is dense in C, take a nonempty open set U in C. Then there
is a xs˜ ∈ U . By construction, {xs˜} =
⋂
n∈N
Cx|n for some x ∈ E. Since all
Cx|n’s are open in K and K ∩B is dense in K, by construction of the points
of B in the Cantor scheme, xs˜ ∈ (Cx|n ∩ B) , and so xs˜ ∈ U ∩ (C ∩B).
Thus, without loss of generality, we may assume A is a subset of the
Cantor space E.
Define Aˆ =
⋃
a∈A
aˆ where aˆ is the set of all infinite chains of {0, 1}<N whose
union is equal to a. Notice that a Cantor set can be viewed as the branches
of the complete binary tree {0, 1}<N. It follows that for any a ∈ A, aˆ is a
downward closed set in the tree {0, 1}<N, and so we consider Aˆ as a subspace
of P(2<N) which we can consider as {0, 1}2
<N
. In a similar way set Bˆ =
⋃
b∈B
bˆ
where bˆ is the set of all infinite chains of {0, 1}<N whose union is equal to
b. Aˆ and Bˆ are two orthogonal families of infinite subsets of {0, 1}<N. Let
Y = Aˆ×Bˆ. Note that the topology on Aˆ and Bˆ is induced by the topology on
H = {0, 1}{0,1}
<N
, which is a copy of the Cantor space. Clearly, H is compact
and metrizable and so Aˆ and Bˆ are separable and metrizable. Therefore, Y
is separable and metrizable. Let K0 be the set of all {(a, b), (a′, b′)} from [Y ]2
such that (a∩ b′)∪ (b∩ a′) 6= ∅. Since the product space Y × Y is Hausdorff,
one can find disjoint open subsets about distinct pairs in K0, and so K0 is
an open subset of the product space Y × Y (see also [6, p. 146]). We shall
now consider the open graph G = (Y,K0) and apply OGA∗(Γ) to [Y ]2.
If A and B are complementary sets in E, i.e., B = E \ A, then one can
consider A and B as families of subsets of N such that A ⊥ B, and notice
that B⊥ ⊆ A. By using a modification of the result given in [6, p.146] we
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have:
Lemma 2.6. A is countably generated in B⊥ if and only if G = (Y,K0) is
countably chromatic.
To see this, let A be countably generated in B⊥. Then there is a sequence
{cn}n∈N of elements of B⊥ such that every element of A is included, mod
finite, in one of the cn’s. For c ⊆ N, define Hc = {(a, b) ∈ Y : a ⊆ c and
b ∩ c = ∅}. Hc is a subset of Y and [Hc]2 is disjoint from K0. Since every
a ∈ A is almost included in one of the cn’s, define Cn =
⋃
{cn ∪ s : s ∩ cn =
∅, s ∈ A ∩ [N]<N}. Then the union of all HCn’s covers Y . This implies G
is countably chromatic. For the other direction, let Y be decomposed into
countably many subsets Yn, i.e., Y =
⋃
n∈N
Yn where [Yn]2 ∩ K0 = ∅ for all
n ∈ N. Define cYn =
⋃
(s,t)∈Yn
s, for all Yn’s. Then every element of A is almost
included in one of the cYn’s. This implies A is countably generated in B
⊥.
Since A is not σ-compact, A is not countably generated in B⊥. To see
this, suppose A is countably generated in B⊥. Then there is a sequence
{cn}n∈N of elements of B⊥, indeed elements of A, such that every element of
A is almost included in one of the cn’s. For each a ∈ A, there is a n ∈ N
such that an = a \ cn ∈ [N]<N. Then A = (
⋃
n∈N
cn) ∪ (
⋃
n∈N
an). Notice that
we identify the set of infinite branches of the tree {0, 1}<N with the infinite
subsets of N. Since each cn is a branch of the tree {0, 1}<N, it is closed in E,
and so it is compact. On the other hand, any finite subset of E is compact.
It follows that A is σ-compact, a contradiction.
Since G is not countably chromatic, by OGA∗(Γ), there is a perfect subset
F of Y such that [F ]2 ⊆ K0. Since F is perfect, there is a pruned tree TF
such that F = [TF ] [15, Proposition 2.4]. Thus, an infinite a ⊆ N is in p1(F ),
where p1 is the projection map onto the first coordinate, if and only if there
is an infinite branch f = {(sk, tk)}k∈N of TF in {0, 1}<N⊗ {0, 1}<N such that
a is the union of the sk’s. Since TF is a pruned tree, it has a lexicograph-
ically least element, which is called its leftmost branch [15, p. 9]. Let fa
be the leftmost branch of TF , with the union of its first coordinates equal to a.
All branches of TF are in the complete tree {0, 1}<N ⊗ {0, 1}<N. By
modifying Lemma 4.11 in [11] we have:
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Lemma 2.7. If F ⊆ {0, 1}N × {0, 1}N is perfect , then
TF = {(s, s˜) ∈ {0, 1}<N ⊗ {0, 1}<N : (s, s˜) ⊑ (f, f˜) for some (f, f˜) ∈ F} is a
perfect tree.
Proof. Let (s, s˜) ∈ TF . Then there is a (f, f˜) ∈ F such that (s, s˜) ⊑ (f, f˜).
Indeed, there is an n0 ∈ N such that (f↾n0, f˜↾n0) = (s, s˜) and (s, s˜) ⊑
(f↾m, f˜↾m) for allm > n0. Since F has no isolated point, (f, f˜) is a limit point
of F . Then there exists a different point (g, g˜) ∈ F such that (s, s˜) ⊑ (g, g˜).
Therefore, (s, s˜) has two incomparable extensions, that is (s, s˜) ⊑ (g↾ni, g˜↾ni),
(s, s˜) ⊑ (f↾nj , f˜↾nj) for some ni, nj ∈ N.
Now for (s, t) ∈ TF , define A(s,t) = {a ∈ p1[F ] : fa extends (s, t)}. Notice
that A(s,t) is not countably generated in B⊥. If it were, then F would be a
countable union of sets, call them Fn’s, such that [Fn]2 ∩ K0 = ∅ for all n.
But this is a contradiction, since [F ]2 ⊆ K0.
To complete the proof of 2.5 we need a tree which consists of finite sub-
sets of N as follows: let B be a family of subsets of N. Σ ⊆ [N]<N is called a
B-tree [24] if
(i) ∅ ∈ Σ,
(ii) for every σ ∈ Σ, the set {i ∈ N : σ ∪ {i} ∈ Σ} is infinite and included in
an element of B.
Now we will recursively construct a B-tree Σ by using elements of TF and
some elements of B such that Σ satisfies the following conditions:
1. If σ ⊂ τ (τ strictly end-extends σ), then (sσ, tσ) ⊏ (sτ , tτ ) for τ, σ ∈ Σ,
2. σ ⊆ sσ for all σ ∈ Σ,
3. hσ = {i ∈ dσ ∈ B : σ ∪ {i} ∈ Σ} is infinite for all σ ∈ Σ.
Let s∅ = t∅ = ∅. Suppose we have some σ ∈ Σ and we know (sσ, tσ) ∈ TF .
Then A(sσ ,tσ) is not countably generated in B
⊥. Let cσ denote the union of
the elements of A(sσ ,tσ). Then cσ is not orthogonal to B. Therefore there is
an element dσ of B such that cσ ∩ dσ is infinite. Let hσ = {i ∈ cσ ∩ dσ : i >
max(ran(sσ))}. For i ∈ hσ choose an element ai ∈ A(sσ,tσ) such that i ∈ ai
and denote by (si, ti) the least element of the branch fai such that i ∈ s
i.
Then put σ ∪ {i} in Σ, and set sσ∪{i} = si and tσ∪{i} = ti for every such i.
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This completes the construction of Σ.
Recall that a tree T is superperfect if for every u ∈ T there is v ∈ T
extending u such that {m ∈ N : v ∪ {i} ∈ T} is infinite [14]. Notice that
Σ is a superperfect tree. It is known if T is a superperfect tree, then there
is a closed subset of [T ] which is homeomorphic to P [15, p. 163]. Observe
that an infinite branch of the B-tree Σ enumerated increasingly is of the form
{i0, i1, i2, . . . } where σ0 = ∅, σ1 = {i0}, σ2 = {i0, i1}, . . . . By construction
of Σ, the pairs (sσi, tσi), i = 1, 2, . . . , determine an infinite branch of TF
whose projection is a member of A. Note also, by following item 2 of the
conditions on Σ, each sσi includes the infinite branch {i0, i1, i2, . . .}. Then
[Σ] ⊆ A. Since Σ is a superperfect tree, there is a closed subset Z of A,
which is homeomorphic to P, which was to be proved.
Definition 2.8. The family P of projective sets of reals is obtained by closing
the Borel sets under complementation and continuous image.
Theorem 2.9 [7]. If it is consistent that there is an inaccessible cardinal, it
is consistent that OGA∗(P) holds, where P is the family of projective sets.
Corollary 2.10. If it is consistent there is an inaccessible cardinal, it is
consistent that every projective Menger set of reals is σ-compact.
Proof. The family of projective sets of reals is closed under continuous pre-
images [15].
Let us also note for use elsewhere that:
Theorem 2.11. OGA∗(co-analytic) implies every co-analytic Menger set of
reals is σ-compact.
Proof. The family of co-analytic sets of reals is closed under continuous pre-
images [15].
3.OGA∗(projective) and CH
It turns out that OGA itself is insufficient to imply Menger’s conjecture for
projective sets. This follows from the following two facts.
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Theorem 3.1 [24]. With ground model L, force OGA and MA via a finite
support iteration of length ω2 of ccc posets of size ℵ1. Then c = b = ℵ2 and
hence d = ℵ2. In this model ω1 = ωL1 . But
Theorem 3.2 [21]. ω1 = ω
L[a]
1 for some a ⊆ ω, and d > ℵ1 imply there is a
co-analytic Menger set of reals of size ℵ1.
Proof. Such a set obviously cannot be σ-compact. The former hypothesis
yields “co-analytic” [13], and the latter “Menger” [9].
Theorem 3.3. If it is consistent that there is an inaccessible cardinal, it is
consistent with CH that every Menger projective set of reals is σ-compact.
Proof. Let V be a model of OGA∗(projective) and let V [G] be the result of
collapsing 2ℵ0 to ℵ1 via countably closed forcing. Suppose in V [G] there were
a Menger projective non-σ-compact set of reals P . Note that there are no
new reals in V [G], and in fact no new open sets of reals. The first assertion
is clear and well-known; for the second, the real line in the extension has
the property that each open set is the union of countably many rational
intervals, and there are no new such objects. Again, by countable closure,
there are no new countable open covers. Since P is projective, it is definable
from a real r, which perforce is in V . The set of reals r defines in V is
P , since V [G] contains no new reals. Since r codes a projective set, P is
projective in V . If P were σ-compact in V , say P =
⋃
n∈NKn, then we claim
P would be σ-compact in V [G]. The reason is that P is hereditarily Lindelöf
in V [G], while countably closed forcing preserves countable compactness,
so the compact witnesses for a space’s σ-compactness in V would remain
compact in V [G]. Finally, we claim P is also Menger and not σ-compact,
contradicting OGA∗(projective). If P were Menger in V [G], we claim P
would be Menger in V . Let {Un}n∈N be a countable sequence of open covers
of P in V . Without loss of generality, we may assume each Un is countable
and a member of V, and hence {Un}n∈N ∈ V . Let {Vn}n∈N be a sequence of
finite subsets Vn ⊆ Un such that
⋃
n∈N Vn is a cover of P in V [G]. Then each
Vn and the sequence of Vn’s are in V , and
⋃
n∈N Vn covers P there.
Another way of proving Theorem 3.3 is to use Theorem 4.1 of [7], which
asserts that OGA∗(projective) holds in the model obtained by collapsing an
inaccessible to ω1 with finite conditions. CH can be arranged to hold in such
a model, e.g. by assuming GCH in V ; that shows OGA∗(projective) does
not imply OGA.
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4.The inaccessible is necessary
Theorem 4.1. The statement that every Menger co-analytic subset of R is
σ-compact is equiconsistent with the existence of an inaccessible cardinal.
We actually have a stronger version of the backward implication. This
follows from:
Theorem 4.2 [7]. The following are equivalent:
1. ωL[a]1 < ω1 for all a ⊆ ω,
2. OGA∗(Σ12),
3. OGA∗(Π11).
The essential point is the observation of Specker (and Gödel) (see for
details [13, 11.6]) that if every co-analytic set of reals includes a perfect set,
then ω1 is inaccessible in L. Feng [7] mentions the following fact which he
credits to the second author. The direct implication in Theorem 4.1 follows
from this.
Theorem 4.3. If ωL[a]1 = ω1 for some a ∈ N
N, then there is a co-analytic set
of reals which is not σ-compact but has the Menger property.
Proof. We shall rely on the following version of a standard fact (see [13],
page 171).
Lemma 4.4. Assume ωL[a]1 = ω1 for some a ∈ N
N. Then NN ∩ L[a] ordered
by the relation ≤∗ of eventual dominance has a co-analytic ω1-scale, i.e., a
cofinal subset A which is well-ordered by ≤∗ in order type ω1.
Note that such a set A is not σ-compact and in fact not Borel. This follows
from the standard fact that a Borel well-founded relation on a Borel set of
reals has countable rank (see [15, p.239]). If A has the Menger property, then
the proof of Theorem 4.3 is finished. Otherwise, by a theorem of Hurewicz
[10] there is a continuous mapping f : A→ NN with range cofinal in (NN,≤∗).
The map f extends to a continuous map on a Gδ-superset of A. Then there
is a Borel map g : NN → NN such that g ↾ A = f (see Theorem 12.2 in
[15]). Let b ∈ NN code both a and the map g. Then NN ∩ L[b] is cofinal in
(NN,≤∗). Applying the previous Lemma we obtain a co-analytic ω1-scale B
in (NN,≤∗). Adding to B the countable set D of all maps from (N ∪ {∞})N
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that are eventually equal to ∞ we obtain an uncountable co-analytic set of
reals X concentrated around D. It is easily seen that this set has the Menger
property. However, such a set X cannot be σ-compact for the same reason
why the set B is not σ-compact (see [28] for a general result in this direction).
This finishes the proof of Theorem 4.3.
We note that the same argument proves a stronger direct implication
of Theorem 4.3. A space X is Hurewicz if for any sequence {Un}n∈N of
open covers of X one may pick finite sets Vn ⊆ Un in such a way that
{
⋃
Vn : n ∈ N} is a γ-cover of X. An infinite open cover U is a γ-cover if for
each x ∈ X the set {U ∈ U : x 6∈ U} is finite. Note that Hurewicz implies
Menger but not conversely [5, 27].
Theorem 4.5. The statement that every Hurewicz co-analytic subset of R is
σ-compact implies that ω1 is an inaccessible cardinal in L.
As before it suffices to prove the following more precise statement.
Theorem 4.6. If ωL[a]1 = ω1 for some a ∈ N
N then there is a co-analytic set
of reals which is not σ-compact but has the Hurewicz property.
Proof. We follow the proof of Theorem 4.3 very closely. Let A be the co-
analytic set given by Lemma 4.4. We know that A is not σ-compact and in
fact not Borel. If A has the Hurewicz property then the proof of Theorem
4.6 is finished. Otherwise, by another theorem of Hurewicz [8] there is a
continuous mapping f : A → NN whose range is unbounded in (NN,≤∗).
The map f extends to a continuous map on a Gδ-superset of A. So there
is a Borel map g : NN → NN such that g ↾ A = f. Let b ∈ NN code both a
and the map g. Then NN ∩ L[b] is unbounded in (NN,≤∗). Applying Lemma
4.4 again, we obtain a co-analytic ω1-scale B in (NN,≤∗). Adding to B the
countable set D of all maps from (N ∪ {∞})N that are eventually equal to
∞, we obtain an uncountable co-analytic set of reals X concentrated around
D. It is easily seen that concentrated sets have the Hurewicz property. As
before, such a set X cannot be σ-compact, so the proof of Theorem 4.6 is
finished.
In conclusion, let us thank the referee for many improvements.
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